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PLANE AND SPACE FIGURATE NUMBERS: VISUALIZATION 

WITH THE GEOGEBRA´S HELP 

Francisco Regis Vieira Alves, Francisco Evamar Barros 

Abstract:  The study and interest of figurate numbers can be observed even in ancient Greece. On 

the other hand, it becomes very important the historical understanding about an evolutionary 

process and the particular generalization of such 2D, 3D and m-D figurate numbers and they 

remain the interest of current scientific investigations. On the other hand, in Brazil, when we talk 

about Mathematics Education, the component of visualization acquires more and more relevance 

for the teaching. In this way, in the present work, we present a proposal of discussion of the figure 

numbers, with idea that the understanding of arithmetic, algebraic and geometric properties can be 

facilitated with the use of GeoGebra software and it´s use by the mathematical teacher.  

Key words: Figurate numbers 2D and 3D, Visualization, Mathematics Teaching, Mathematics 

Education. 

1. Introduction  

The mathematical historian Eves (1969: 53) explains that "the ancient Greeks distinguished between 

the study of conceptual relations between numbers and the practical art of counting." The author 

recalls that the Pythagoreans spoke about the numbers that allegedly possessed mystical properties, 

such as perfect numbers, deficient numbers, and abundant numbers; however, in this section, we will 

focus on the study of figurate which, according to Eves (1969, 54) originated with the first members of 

society Pythagorean. In essence, a figurate number presents the links between Arithmetic and 

Geometry, and other aspects are commented by Eves (1969, 1983), Dickson (1928) and Katz (1998).   

In it´s turn, Popper (1972, p. 106) mentions without further explanation that Greek reasoning applied 

to forms geometrically, was extended to solids, despite the difficulties of identifying the 3D 

configurations which suggests the discussion of pyramidal numbers, or more specifically, pyramidal 

numbers triangles, square pyramidal numbers, pentagonal pyramidal numbers (Koshy, 2007).  

Deza & Deza (2012) comment on the interest of ancient Greek mathematicians about the figurate 

numbers. The theory of figurate numbers does not belong to the central domains of Mathematics, but 

the beauty of these numbers attracted the attention of many scientists over the years. In this sense, the 

authors comment afterward on an extensive list of mathematicians who have worked in this field. 

The list (not full) of famous mathematicians, who worked in this domain, consists of Pythagoras 

of Samos (ca. 582 BCïca. 507 BC), Hypsicles of Alexandria (190 BCï120 BC), Plutarch of 

Chaeronea (ca. 46ïca. 122), Nicomachus of Gerasa (ca. 60ïca. 120), Theon of Smyrna (70ï

135), Diophantus of Alexandria (ca. 210ïca. 290), Leonardo of Pisa, also known as Leonardo 

Fibonacci (ca. 1170 ïca. 1250), Michel Stifel (1487ï1567), Gerolamo Cardano (1501ï1576), 

Claude Gaspard Bachet de M´eziriac (1581ï1638), René Descartes (1596ï1650), Pierre de 

Fermat (1601ï1665), John Pell (1611ï1685), Blaise Pascal (1623ï1662), Leonhard Euler 

(1707ï1783), Joseph-Louis Lagrange (1736ï1813), Adrien-Marie Legendre (1752ï1833), Carl 

Friedrich Gauss (1777ï1855), Augustin-Louis Cauchy (1789ï1857), Carl Gustav Jacob Jacobi 

(1804ï1851),Wac_law Franciszek Sierpinski (1882ï1969), Barnes Wallis (1887ï1979). (Deza 

& Deza, 2012, p. Xvii).  

In addition, several other formal theorems can be formulated from the figure numbers and they are 

closely related to special classes of other numbers and numerical sequences, such as Fibonacci-Lucas 

numbers, Mersenne and Fermat numbers (Wenchang, 2007). Thus, in the field of Number Theory, we 
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can find innumerable generalizations. On the other hand, we observe the relationships of figurate 

numbers with important theorems still in the present day, as expressed below Deza & Deza (2012).  

Figurate numbers were studied by the ancients, as far back as the Pythagoreans, but nowadays 

the interest in them is mostly in connection with the following Fermatôs polygonal number 

theorem. In 1636, Fermat proposed that every number can be expressed as the sum of at most m 

m-gonal numbers. (Deza & Deza, 2012, p. Xvii). 

To exemplify, let's look at the examples given by Deza & Deza (2012). Starting from a point, add to it 

two points, so that to obtain an equilateral triangle. Six-points equilateral triangle can be obtained from 

three-points triangle by adding to it three points; adding to it four points gives ten-points triangle, etc. 

So, by adding to a point two, three, four etc. points, then organizing the points in the form of an 

equilateral triangle and counting the number of points in each such triangle, one can obtain the 

numbers 1,3,6,10,15,21,28,36,45,55,which are called triangular number. Similarly, by adding 

to a point three, five, seven etc. points and organizing them in the form of a square, one can obtain the 

numbers 1,4,9,16,25,36,49,64,81,100, which are called square numbers.  

On the other hand, the authors also describe the pentagonal, hexagonal numbers and the method for 

their construction and, correspondingly, the visualization in the plane. In fact, by adding to a point 

four, seven, ten etc. points and forming from them a regular pentagon, one can construct pentagonal 

numbers 1,5,12,22,35,51,70,92,117,145,. Following this procedure, we can also construct 

hexagonal numbers 1,6,15,28,45,66,91,120,153,190,. In figure 1 we visualize some particular 

examples, provided by Deze & Deza (2012) about the 2D figurate numbers. Kline (1972, p. 30) 

comments that the Pythagoreans knew the behavior of the following finite sum for the triangular 

figure numbers 
( 1)

1 2 3
2

+
+ + + + =

n n
n  (Hoggat, 1974; Reuiller, 2008).  

 

Figure 1. Deza & Deza (2012) describe the construction of some examples of 2D figurate numbers. 

In figure 1, we can see some static constructions that correspond to the initial 2D figurate numbers. 

Deza & Deza (2012, pp. 2 - 3) further explain several other examples of 2D figurate numbers when 

they indicate that: 

Heptagonal numbers 1, 7, 18, 34, 55, 81, 112, 148, 189, 235, . . .(Sloaneôs A000566), Octagonal 

numbers 1, 8, 21, 40, 65, 96, 133, 176, 225, 280, . . . (Sloaneôs A000567), Nonagonal numbers 

1, 9, 24, 46, 75, 111, 154, 204, 261, 325, . . . (Sloaneôs A001106), Decagonal numbers 1, 10, 27, 

52, 85, 126, 175, 232, 297, 370, . . . (Sloaneôs A001107), Hendecagonal numbers 1, 11, 30, 58, 

95, 141, 196, 260, 333, 415, . . . (Sloaneôs A051682), Dodecagonal numbers 1, 12, 33, 64, 105, 

156, 217, 288, 369, 460, . . . (Sloaneôs A051624), etc. (Deza & Deza, 2012, p. 2 ï 3).  

We have thus seen the description of several 2D figurate and other supplementary information that can 

be found, for example, in the On-line encyclopedia of the integer sequence, founded in 1964, by the 
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mathematician Neil James Alexander Sloane (1939-?). Thus, in the subsequent sections, we will 

present some preliminary and mathematical properties on the 2D and 3D figurate numbers. Then we 

will see how the software GeoGebra can provide didactical situations for the use of visualization and 

the dynamic capacity of the constructions allowed by this software and the identification and 

understanding of the numerical and geometric properties, derived from these special numbers. Thus, 

with regard to the development of ideas and conceptions about Mathematics Education in Brazil, we 

have the possibility to identify that the use of technology for teaching of Mathematics allows the 

description of new scenarios for learning and teaching (Alves; Borges Neto; Duarte Maia, 2012).  

2. Some mathematical aspects about the 2D figurate numbers 

Deza & Deza (2012, p. 4) explain that the general rule for enlarging the regular polygon to the next 

size is to extend two adjacent sides by one point and then to add the required extra sides between those 

points. So, to transform n-th m-gonal number into the (n + 1)-th m-gonal number, one adjoins (m ī 2)n 

+ 1 elements. Thus, let us consider the n-th m-gonal number ( )mS n  is the sum of the first n elements 

of the arithmetic progression 1,1 ( 2),1 2( 2),1 3( 2),1 4( 2), , 3+ - + - + - + - ²m m m m m . 

In a simplified way, we can write the general mathematical formula indicated by the finite sum 

( ) 1 (1 1 ( 2)) (1 2 ( 2)) (1 3 ( 2)) (1 ( 2) ( 1))= + + Ö - + + Ö - + + Ö - + + - Ö -mS n m m m m n .  

In particular, we get some particular expressions that we listed below:  

3( ) 1 (1 (3 2)) (1 2(3 2)) (1 3(3 2)) (1 (3 2)( 1)) 1 2 3= + + - + + - + + - + + - - = + + + +S n n n; 

4( ) 1 (1 (4 2)) (1 2(4 2)) (1 3(4 2)) (1 (4 2)( 1)) 1 3 5 21= + + - + + - + + - + + - - = + + + + -S n n n ; 

5( ) 1 (1 (5 2)) (1 2(5 2)) (1 3(5 2)) (1 (5 2)( 1)) 1 4 7 3 2= + + - + + - + + - + + - - = + + + + -S n n n ;  

6( ) 1 (1 (6 2)) (1 2(6 2)) (1 3(6 2)) (1 (6 2)( 1)) 1 5 9 4 3= + + - + + - + + - + + - - = + + + + -S n n n ; 

7( ) 1 (1 (7 2)) (1 2(7 2)) (1 3(7 2)) (1 (7 2)( 1)) 1 6 11 5 4= + + - + + - + + - + + - - = + + + + -S n n n ; 

8( ) 1 (1 (8 2)) (1 2(8 2)) (1 3(8 2)) (1 (8 2)( 1)) 1 7 13 6 5= + + - + + - + + - + + - - = + + + + -S n n n ;  

Above expression implies the following recurrent formula for m-gonal numbers indicated by 

( 1) ( ) (1 ( 2) ), (1) 1+ = + + - =m m mS n S n m n S . In particular, we get that 3 3( 1) ( ) ( 1),+ = + +S n S n n  

4 4( 1) ( ) (2 1),+ = + +S n S n n 5 5( 1) ( ) (3 1),+ = + +S n S n n 6 6( 1) ( ) (4 1),+ = + +S n S n n 7( 1)+S n  

 7( ) (5 1),= + +S n n 8 8( 1) ( ) (6 1)+ = + +S n S n n , etc.  

The following theorem describes a general formula for the description of any 2D figurate number. The 

reader will note that we provide more than one demonstration or proof concerning the same formula.  

Theorem 1: The general formula for n-th m-gonal number is ( )2( 2)
( )

2

-
= - +m

m
S n n n n or 

( )2 2(( 2) 4) 1
( ) 2

2 2

- - +
= = - - +m

n m n m
S n m n n n n, for every integer 1²n  and 3²m .  

Proof 1. We consider the set 1,(1 1 ( 2)),(1 2 ( 2)),(1 3 ( 2)), ,(1 ( 2) ( 1))+ Ö - + Ö - + Ö - + - Ö -m m m m n  

and since the finite sum of the first n elements of an arithmetic progression, we can write the fraction 

1 (1 ( 2) ( 1)) 1 (1 ( 2) 2) ( 2) 4
( )

2 2 2

+ + - Ö - + + - - + - Ö - +å õ å õ å õ
= Ö = Ö = Ö =æ ö æ ö æ ö
ç ÷ ç ÷ ç ÷

m

m n m n m m n m
S n n n n  
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( )
( )

22 2
2

( 2) 2( 2) ( 4) ( 2) ( 2) 2 ( 2)

2 2 2 2

- - +- - - - - - + -
= = = = - +

m n n nm n m n m n m n n m
n n n. 

We can still write 

2 2 2( 2) 4 ( 2) ( 4) 2 4
( )

2 2 2

- - + - - - - - +å õ
= Ö = = =æ ö
ç ÷

m

m n m m n m n mn n mn n
S n n   

( )
2 2

2 2( ) 2 4
2

2 2

Ö - - +
= = - - +

m n n n n m
n n n nÃ  

Proof 2. Moreover, we can take the special finite summation and we can group to match the second 

terms we observe in the two finite sums below. Next, let's consider the expression 2 ( )ÖmS n .  

( ) 0        1                 1 ( 2)   1 ( 2)( 1)

( ) 1 ( 2)( 1)  1 ( 2)( 2)                                  1

= + + + - + + + + + + - -ë
ì

= + - - + + - - + +í

m

m

S n m m n

S n m n m n
. In this way, we 

will find that ( )2 ( ) (2 ( 2) ( 1)) ((2 ( 2) ( 1)) 2 ( 2) ( 1)Ö = + - Ö - + + + - Ö - = Ö + - Ö - =mS n m n m n n m n  

( )
( )( 2) 4

( 2) 4 ( )
2

- - +
= - - + \ =m

n m n m
n m n m S n Ã 

Proof 3. Another way to derive the general formula for ( )mS n  is to use the first three m-gonal 

numbers to find the coefficients A, B, and C of the general 2-nd degree polynomial 
2( ) A= + +p n n Bn C. For 1 (1) A 1= \ = + + =n p B C  and for 2 (2) 4A 2= \ = + + =n p B C m. 

Finally, for 3 (3) 9A 3 3 3= \ = + + = -n p B C m . Then we will solve the following system 

A 1

4A 2

9A 3 3 3

+ + =ë
î
+ + =ì

î + + = -í

B C

B C m

B C m

. This leads to 
2 4

A , , 0
2 2

- -
= = =

m m
B C . In this way, we find that 

( )2
( 2) 42 4

( ) 0
2 2 2

- - +- -å õ å õ
= + + =æ ö æ ö
ç ÷ ç ÷

n m n mm m
p n n n Ã 

The formulas for m-gonal numbers with 3 30¢ ¢m  are described in the in the Sloaneôs On-Line 

Encyclopedia of Integer Sequences are given in the table below. We can determine the particular cases 

of the formulas that we can identify in figure 2, in the left column. For example, if we consider the 

triangular numbers 2D, we can consider that we deal with a polynomial function of the second degree 

2+ +An Bn C and, we can get that 

1

4 2 3, 1,2,3

9 3 6

+ + =ë
î
+ + = =ì

î + + =í

A B C

A B C n

A B C

. This leads to 
1

, 0
2
= = =A B C . 

Moreover, for the square numbers, we can get the system 

1

4 2 4, 1,2,3

9 3 9

+ + =ë
î
+ + = =ì

î + + =í

A B C

A B C n

A B C

. This leads to 

1, 0, 0= = =A B C . In both cases, we determine that we can write 

2

3( )
2

+
=

n n
S n  and 

2

4( )=S n n .  

In Figure 2, Deza & Deza (2012, p.6) indicate some first few elements of the corresponding sequences 

and the Figure Numbers numbers of these sequences in Sloane's On-Line Encyclopedia of Integer 

Sequences. Based on the table below we can analyze the values indicated for the On-Line 

Encyclopedia of Integer Sequences which is an extensive database, which records sequences of 

integers freely available on the Internet.  
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Figure 2. Deza & Deza (2012) describe the construction of some examples of 2D figurate numbers. 

We then observe the explanations of Deza & Deza (2012) concerning the study of centered polygonal 

numbers or the n-th centered m-gonal number, which we denote by ( )mCS n .  

The centered polygonal numbers (or, sometimes, polygonal numbers of the second order) form 

a class of figurate numbers, in which layers of polygons are drawn centered about a point. Each 

centered polygonal number is formed by a central dot, surrounded by polygonal layers with a 

constant number of sides. Each side of a polygonal layer contains one dot more than any side of 

the previous layer, so starting from the second polygonal layer each layer of a centered m-gonal 

number contains m more points than the previous layer. (Deza & Deza, 2012, p. 48).  

In the figure 3 we see a centered triangular number, a centered square number, a centered pentagonal 

number and a centered hexagonal number, which represents a hexagon ith a dot in the center and all 

other dots surrounding the center dot in a hexagonal lattice. In figure 3 we see some of these planar 

configurations. We can compare their numerical values with the 2D figurate numbers indicated in the 

predecessor paragraphs. We will then deal with the dimensional increase for such numbers.  
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Figure 3. Deza & Deza (2012) describe the construction of some examples of 2D figurate numbers. 

In the following section, we will cover some mathematical properties about the 3D figurate numbers.  

3. Some mathematical aspects about the 3D figurate numbers 

The n-th m-pyramidal number 
3( )mS n  is defined as the sum of the first n m-gonal numbers: 

3( )=mS n  

(1) (2) (3) ( )= + + + +m m m mS S S S n. So, it holds the following recurrent formula for the m-

pyramidal numbers 
3 3 3( ) ( 1) ( ), (1) 1= - + =m m m mS n S n S n S . The following theorem describes a 

general formula for the description of any 3D figurate number.   

 

Theorem 2: The general formula for n-th m-gonal pyramidal number has the form 

( )3
( 1) ( 2) 5

( )
6

+ Ö - - +
=m

n n m n m
S n . 

Proof. Let us prove it by Mathematical induction. In fact, for the initial case, we consider that 1= \n  

3 6 1 2 (3) 1 2 ( 2 5) 1 2 ( 2 5) 1 2 (( 2) 1 5)
(1) 1

6 6 6 6 6

Ö Ö Ö Ö - + Ö Ö - - + Ö Ö - Ö - +
= = = = = =m

m m m m
S . Going from 

n to n + 1, one obtains 
( )3 3

( 1) ( 2) 5
( 1) ( ) ( 1)

6

Ö + Ö - Ö - +
+ = + + = +m m m

n n m n m
S n S n S n  

( )2( 1) ( 2) (5 ) 3( 1)( 2) 3(4 ))( 1)(( 2)( 1) 4)

2 6

+ Ö - + - + + - + -+ - + - +
= =

n m n n m n m mn m n m

( )2( 1) ( 2) ( 1) (5 ) 3 ( 2) 3( 2) 3(4 )

6

+ Ö - + + Ö - + - + - + -
= =

n m n n n m n m m m
 

2 2( 1) ( 3 3)( 2) (5 ) 3(4 )) ( 1) ( 3 3)( 2) 5 12 3

6 1 6 1

è ø è ø+ + + - + - + - + + + - + - + -
= =é ù é ù

ê ú ê ú

n n n m n m m n n n m n nm m

2( 1) ( 3 3)( 2) (5 12 3 ) 10 10 2 3 3

6 1

è ø+ + + - + - + - + - - - +
= =é ù

ê ú

n n n m n nm m m m

2( 1) ( 3 3)( 2) 5 10

6 1

è ø+ + + - + - +
= =é ù

ê ú

n n n m n nm

2( 1) ( 3 3)( 2) 5 10 2 2 10 2 12 3

6 1

è ø+ + + - + - + - + - - + + -
= =é ù

ê ú

n n n m n nm m m m m
 

2( 1) ( 3 3)( 2) ( 2)(5 ) ( 2) 2(5 ) 3(4 )

6 1

è ø+ + + - + + - + - - - + -
= =é ù

ê ú

n n n m n m m m m
 

( 1)( 2)( 2 2 5) ( 1)( 2)(( 2)( 1) 5)

6 6

+ + + - - - + + + - + - +
= =

n n mn m n m n n m n m
 

Deza & Deza (2012, p.89) comment that the formula 
( )3

( 1) ( 2) 5
( )

6

+ Ö - - +
=m

n n m n m
S n  was 

known to Archimedes (287-212 BC) and it was used by him for finding volumes. On the other hand, 
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in current research, we can see the interest of researchers in the generalization process of this formula. 

This way, we can determine the 4D, 5D, 6D, etc. m-gonal figurate numbers (Arjun, 2013).  

Algebraically, n-th centered m-gonal number ( )mCS n  is obtained as the sum of the first n elements of 

the sequence 1,m, 2m, 3m, . . .. So, by definition, it holds ( ) 1 2 3 ( 1)= + + + + + -mCS n m m m n m. 

In particular, we get 3( ) 1 2 6 9 3( 1)= + + + + + -CS n n , 4( ) 1 4 8 12 4( 1)= + + + + + -CS n n , 

5( ) 1 5 10 15 5( 1)= + + + + + -CS n n , 6( ) 1 6 12 18 6( 1)= + + + + + -CS n n , etc. Consequently, 

the above formulates the following recurrent formula for the centered m-gonal numbers is 

( 1) ( ) , (1) 1+ = + Ö =m m mCS n CS n n m CS . On the outher hand, we note that the finite sum 

( )
( 1)

2 3 ( 1) 1 2 3 ( 1)
2

-
+ + + + - Ö = Ö + + + + - = Ö

n n
m m m n m m n m . We obtain the following 

general formula for n-th centered m-gonal number: 

2( 1) 2
( ) 1

2 2

- Ö - Ö +
= + Ö =m

n n m n m n
CS n m . 

In particular, we have: 

2

3

3 3 2
( ) ,

2

Ö - Ö +
=

n n
CS n

2( ) 2 2 1,= Ö - Ö +mCS n n n
2

5

5 5 2
( )

2

Ö - Ö +
=

n n
CS n ,  

2

6( ) 3 3 1= - Ö +CS n n n , 

2

7

7 7 2
( )

2

Ö - Ö +
=

n n
CS n , 

2

8( ) 4 4 1= Ö - Ö +CS n n n , etc, etc. b 

In the last sections, we discuss some formal properties and theorems about the 2D and 3D figurate 

numbers. Now, with the help of the GeoGebra software, we will see that they can be represented in a 

dynamic way with the software and the visualization constitutes an important component for the 

essential properties of this class of numbers.  

4. Visualization of 3D figures figures with GeoGebra software 

In the current section, we present some examples involving the use of Geogebra software in order to 

visualize certain numerical, geometric (2D and 3D) properties involving relations derived from the 

figurate numbers. In figure 2, to the right side, with the aid of Geogebra software, we can visualize the 

dynamic description of the increasing composition and determination of the 2D square numbers. On 

the other hand, on the right side, in the same figure, we can visualize the corresponding configuration 

of the pyramidal numbers based on the square numbers. From the last section, we know the following 

formula 
3

4

( 1)(2 1)
( )

6

+ +
=

n n n
S n . With the help of the software GeoGebra, we can adjust the 

mobile selector, in our case, we set the values are determined by 1 15¢ ¢k .  
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Figure 4. Visualization of the 2D square numbers and the square pyramidal numbers of square base 3D with the 

aid in GeoGebra software. (Source: Authors' elaboration) 

On the left side, in figure 4, we can identify the description of the 2D figure numbers and that, when 

we relate to the 3D figure on the right side, in the same figure, we can understand that they are 

precisely the base of the 3D pyramid, for different values of 1 15¢ ¢k . The dynamic properties of 

GeoGebra software allow the immediate and precise calculation of algebraic expression 

3

4

( 1)(2 1)
( ) 1240

6

+ +
= =

n n n
S n , for 15=n . In figure 4, we can identify another angle for the 3D 

visualization and the identification of arithmetic and geometric spatial properties derived from the 

configuration indicated by a square pyramidal number. The software GeoGebra enables the 

exploration of various viewing angles and the acquisition of an mathematical understanding of the 

growth and numeraical properties of the figures 4 and 5.  

 

Figure 5. Visualization of the 2D square numbers and the pyramidal numbers of square base 3D with the aid in 

GeoGebra software. (Source: Authors' elaboration) 
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We know that a pentagonal pyramidal number corresponds to a pentagonal pyramid. Similarly, we 

know that a hexagonal pyramidal number corresponds to a hexagonal pyramid. In figure 5, on the left 

side, a dynamic configuration that can grow and decrease, in the dependence of the delimiting control 

that we defined as follows and values 1 15¢ ¢k . We know the formula 
3

6

( 1)(4 1)
( )

6

+ -
=

n n n
S n  

and, the software allows to explore several values and to perceive the corresponding variations for 

both windows that we find in figures 6 and 7. Different viewing angles can be explored immediately 

with the use of GeoGebra software.  

 
Figure 6. Visualization of the 2D hexagonal numbers and the Hexagonal pyramidal numbers of Pentagonal base 

3D with the aid in GeoGebra software. (Source: Authors' elaboration) 

In the following case, we bring to the reader a learning scenario for the analysis of 2D and 3D 

behavior corresponding to the heptagonal pyramidal number that corresponds to a heptagonal 

pyramid. From the previous section, we know that 
3

7

( 1)(5 2)
( )

6

+ -
=

n n n
S n . In a similar way to the 

previous cases, from the variations of the selector command, we can verify and predict the behavior of 

several cases and, above all, examine them in the planar and spatial configuration for this numbers. 

Let us now see Figures 6 and 7. In Figure 6 we can identify that the software Geogebra allows the 
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handling and manipulation with a large set of different configuration and dynamic configuration of 

Heptagonal pyramidal numbers. We can choose a more suitable angle for the visualization! 

 

 

Figure 7. Visualization of the 2D pentagonal numbers and the pentagonal pyramidal numbers of pentagonal 

base 3D with the aid in GeoGebra software. (Source: Authors' elaboration) 

For example, in the figure 6, we can easily evaluate the numerical behavior of the following 

expression 
3

7

( 1)(5 2)
( ) 7931

6

+ -
= =

n n n
S n  for 15=k  and 

3

7

( 1)(5 2)
( ) 880

6

+ -
= =

n n n
S n  for 

10=k . In figure 7 we visualize different angles of analysis and manipulation of the 3D construction 

corresponding to a heptagonal pyramidal numbers 3D. We can conclude that by applying some 

properties of GeoGebra software we can explore and identify some arithmetic, algebraic and 

geometric properties, in a non-static way, when compared with the constructions we present in Figure 

1. For example, when constructing constructs that have a 2D representation and 3D, we can visualize 

the corresponding qualitative relations, as we visualized in the previous figures. In addition, as we can 

verify, with the use of technology we can determine a differentiated didactic or a didactical 

transposition for the study and mathematical investigation about the 2D and 3D figurate numbers. This 

ability, more and more, is essential for the mastery of the Mathematics teacher in Brazil.  
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Figure 8. Visualization of the 2D heptagonal numbers and the heptagonal pyramidal numbers base 3D with the 

aid in GeoGebra software. (Source: Authors' elaboration) 

 

Figure 9. Visualization of the 2D heptagonal numbers and the heptagonal pyramidal numbers 3D with the aid in 

GeoGebra software. (Source: Authors' elaboration) 

  


